Deep Generative Models

14. Denoising Diffusion Probabilistic

Models




Recap. of score-based model

 Fisher divergence between p(x) and q(x):

1
Dr(p, 4) =5 Ex-pl 1V logp(x) = Vclog g () 1]

e Score matching(Hyvarinen, 2005)

Y Ex~pdata [ ”59 (x) — Vi log Pdata (.X') | %]

2
1 2
= Expoes > s ()15 + tr(Vysg (x))] + const.
 Not scalable for deep score-based models and high dimensional

data
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Denoising score matching with Langevin dynamics

gt

X NCIU(%)
Noise-perturbed
data distribution

4o (i ‘ X)

Perturbation
distribution/kernel

x~p§latq (x)
Data distribution

x~q [”V logCIJ(x) 39(%)”%]

= Expiata0Ex~q,@x) |[Vzlog q5(X|x) — s¢ (3‘?)”%] + const.
1 2
= Ex~p,...0)Ez~N(OD [ ;Z + sg(x + 02z) ] + const.
2

 Pros
 more scalable than score matching
e reduces score estimation to a denoising task
e Con: cannot estimate the score of clean data (noise-free)

sg(x) = V, log q, (x) =V, log Paata (x)
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Denoising score matching with Langevin dynamics

* Let gz (X|x) = N(X|x,0°I), 45(X) = [ Paata(x)qs(*|x)dx
e The objective
Ex—q, @l lsg(X) — Vzlog qs(®)5]
= Ex~pdam(x)E’i~qa(%|x)[ |sg(X) — Vzlog QG(S‘?lx)”%] + const.

e (Consider a sequence of positive noise scales
O'1<O'2<“‘<O'L

* 0y is small enough g, (x) = pggare(x)

» oy is large enough g, (x) ~ N(x|0, o7 1)
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Score-based generative modeling
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Joint score estimation via noise conditional score

networks
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Denoising score matching with Langevin dynamics

» Foreach g, (x) with oy < 0, <--- < g, Song & Ermond run T
steps of Langevin MCMC to get a sample sequentially

a.
xb =7t 4 ?lsg*(xf_l, o)) +vaiz, t=12,..,T
e where a; > 0 is the step size and z~N (0, I)

O;

a; ‘= €—
2

04

e >0

Generative Modeling by Estimating Gradients of the Data Distribution
Song Yang, and Stefano Ermon. NeurlPS 2019
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Using multiple noise levels

Data
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Denoising score matching with Langevin dynamics

N
MCMC Chain
. Rev. S/ODE for DMCMC
+~ .
27 Noise Samples
g Rev. S/ODE from Noise
Data Space

Conceptual illustration of a multiple noise score matching with
Langevin sampling process

DENOISING MCMC FOR ACCELERATING DIFFUSION-BASED GENERATIVE MODELS
Beomsu Kim, Jong Chul Ye. ICML 2023
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Denoising score matching with Langevin dynamics

Let g, (X|x) = N(’ic'|x,o'21), CIJ(%) = fpdata(x)CIa(%lx)dx
Consider a sequence of positive noise scales
01 <0y, < <0y
oy is small enough q,. (%) = pgaeq(x)
oy, is large enough q,, (x) = N(x|0, o/1)

Data space Noise space

Pdata
~ N(0,cfI)
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Denoising score matching with Langevin dynamics

* Let q,(X|x) = NX|x,0°]), q;(®) = [ Daqara(%)q,(X|x)dx

e (Consider a sequence of positive noise scales
O-1<O'2<"‘<O-L

e Noise conditional score network

L
—~ N 2
2 07 Ex-paaca0 Ex~ay, i | 156 67) = Ve log q, Fl0)|,
i=1
e Given sufficient data and model capacity, the optimal score-
based model

Sg* (x, O-l) ~ Vx lOg qO'i(x) for o € {0-11 '--;O-L}
» The weights ¢/ are related to ¢? « 1/E [”Vglngo-i(%l.X')”i]
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Generation with annealed Langevin dynamics

» Foreach g, (x) with oy < 0, <--- < g, Song & Ermond run T
steps of Langevin MCMC to get a sample sequentially

a.
xb =7t 4 ?lsg*(xf_l, o)) +vaiz, t=12,..,T
e where a; > 0 is the step size and z~N (0, I)

O;

a; ‘= €—
2

04

e >0

Generative Modeling by Estimating Gradients of the Data Distribution
Song Yang, and Stefano Ermon. NeurlPS 2019
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Denoising diffusion probabilistic models(DDPM)

Consider a seq. of positive noisescales0 < f; < B, < Br <1
* Xo~Pgatq(x), construct latent variables {x,, x{, x5, ..., X7} s.t.

q(xe|xi—1) = N(x¢|\J1 = Bexe—q, Bel)
o le, g(x;|xg) = N(x0|\/c_x_tx0, (1 —a)I) where a; :=1— S,
Ay = Hg:1 As
e Similar to SMLD, we can denote the perturbed data distribution
1) = [ axelOPaaea@)dx

« The noise scales are prescribed s.t. x;~q(x7) = N(0,1I)
e : ; R T v ':‘F &g‘ : A S e T

e
l'"; L '.
21w

Paata q(x,) q(x;) " q(xr)
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Denoising diffusion probabilistic models(DDPM)

e A variational Markov chain in the reverse direction is
parametrized with

Po(Xp_1]|x:) = N(x¢e—q1|pg(xe, t), Bel)
1
» where pg(x;, t) = E(-xt + Bese (x4, 1))

e Re-weighted variant of the evidence lower bound
T

_ 2
2(1 o at) Ex~pdata(x)Ext~q(xt|x) [ ”SQ(xt' t) - th log q(xtlx)||2]
t=1
e which is a weighted sum of denoising score matching

sg+(x¢,t) = Vy, logq(x;)
« The weights (1 — @) are related to

(1 - @) o« 1/E [[|Vx, log q(xc[0)]| |
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Denoising diffusion probabilistic models(DDPM)

« Generate samples by starting from x-~N (0, I)
1
* Xt—1 = ﬁ(xt + ﬁtSQ*(xt, t)) + \/EZ, t = T,T — 1, e 2

- -
g

=Ug* (xt’t)

» We call this method ancestral sampling ([T} —; g (x;—1|x¢))

Denoising Diffusion Probabilistic Models
Jonathan Ho, Ajay Jain, Pieter Abbeel. NeurlPS 2020
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Summary of score-based models

« SMLD and DDPM involve sequentially corrupting training data
with slowly increasing noise, and then learning to reverse this
corruption to form a generative model of the data

« SMLD estimates the score at each noise scale and then use
Langevin dynamics to sample from a sequence of decreasing
noise scales during generation

« DDPM trains a sequence of probabilistic models to reverse each
step of the noise corruption, using knowledge of the functional
form of the reverse distributions to make training tractable
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Recap: Latent Variable Models

« Observable variables x € R
e Latent variables z € R" (unobservable)

Paata(X) = ZZP(X, Z)

or = f p(x,z)dz
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Recap: Mixture of Gaussians

e Mixture of Gaussians. Bayes net: z - x
« z = Categorical(z|y{, -+, Vk)

* p(x|z = k) = N(x|pug, Zx)

 Generative Process
e Pick a mixture component k by sampling z
e (Generate a data point by sampling from that Gaussian
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Denoising diffusion probabilistic models(DDPM)
« DDPM is a latent variable model
o (x0) = | Do (o, 21 . ¥p) s
* X9 = q(X0) = Paata

« The joint distribution pg(x,.7) is called the reverse process
starting at pg(x7) = N(x7|0, I)

po(xXo.7) = Po(xT) 1_[199 (Xe—1]x¢),

po(Xr_1|xt) = N(xt 1|”9(xt» t), g (x¢, 1))
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Denoising diffusion probabilistic models(DDPM)

« Forward process or diffusion process q(x.7|x,) is fixed to a
Markov chain that gradually adds Gaussian noise to the data

according to a variance schedule 0<pf < <Pr<1

q(x1.7]x0) = HCI(xtlxt 1),
q(x¢|xe—q) = N(xt|\/1_,8txt 1»,3151)

S can be learned by reparameterization or held constants as
hyperparameters
e Let Ay = 1— ﬁt and C_Zt = ngl A, then

q(x¢|xo) = N(xt|\/€tx0: (1—ay)I)
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Denoising diffusion probabilistic models(DDPM)

Forward Markov chain q(x¢|x:_1) Reverse Markov chain pg(x;_1|x;)
Pdata > Pdata
Xo x7~N(0,1I) : X1 Xp
Image to noise(prescribed) Noise to image(learnable)
q(xe|xe—q) = N(xtl\/atxt—lr ,Btl) Po(xe—qlxe) = N(xp_q1|pg (gt; t),Xg(xs, 1))
q(x¢|x) = N(x¢|/a@xo, (1 —a,) I where Zqg(x;,t) = of 1 = Bl

« What is target of pg(xs—1|x¢) = N(xe_q|pg(x¢, ), fe)?
* po(xe—1lxs) = q(xp_q|x:)?
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Denoising diffusion probabilistic models(DDPM)

Forward Markov chain q(x¢|x:_1) Reverse Markov chain pg(x;_1|x;)
Pdata T > Ddiata
Xo X1 xr~N(0,1I) X1 Xp
Image to noise(prescribed) Noise to image(learnable)
q(xe|xe—q) = N(xt|\/atxt—1r ﬁtl) Po (Xe—qlxr) = N(xp_1|pg (gt; t),Zg(x:, 1))
q(x¢|x) = N(x¢|Jaxo, (1 —a,) I where Zg(x,t) = of I = B¢l

« What is target of pg(xs—1|x¢) = N(xe_q|pg(x¢, ), fe)?

* po(xe—1]|xe) = q(xp1]x)?
e q(x;_1|x;) is not tractable

q(xe|xe—1)q(xe_q)
q(x¢)

q(Xer|X0) = q(x) = f a (el x0)q (o) dx,
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Denoising diffusion probabilistic models(DDPM)

Forward Markov chain q(x¢|x:_1) Reverse Markov chain pg(x;_1|x;)
Pdata .. > Pdata
X0 x7~N(0,1I) - X1 Xp
Image to noise(prescribed) Noise to image(learnable)
q(xe|xe—1) = N(xt|\/atxt—1r ﬁtl) Po(xr_11x:) = N(xp_1|pg (gt: t),Zo(x¢, t))
q(x¢|x) = N(x¢|Jaxo, (1 —a,) I where Zg(x¢, t) = of I = B¢l

« What is target of pg(xs_1|x;) = N(xs—1|to(x¢, t), Bed)?
o q(x,_1|x;, x0) is tractable! Why?
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Denoising diffusion probabilistic models(DDPM)

Image to noise(prescribed) Noise to image(learnable)
q(xe|xe_q) = N(xt|\/“_txt—1;,8t1) Po(Xe_1lxr) = N(x¢—1|pg (xt t), Xg(x¢,t))
q(x¢|x9) = N(x¢| /@ xo, (1 — @) I) where Zg(x.,t) = of I = 1

» What is target of pg(x;_1|x;) = N(x¢_1|pg(x¢, 8), Be1)7?
q(xs_q1|xs, xp) Is tractable. Why?

q(x¢|xe—1,X0)q(xe—1|%0)
q(x¢]|xo)

q(xX¢_1]|xe, x0) =

= N(xt—llﬁt(xt: t), Etl)
—~ N 18t \/_(1 — A1)

x,t: —X )
He(xe, t) 1-a, ot 1-a, Xt

Deep Generative Models | mjgim@nims.re.kr | NIMS & AJOU University



Denoising diffusion probabilistic models(DDPM)

Image to noise(prescribed) Noise to image(learnable)
q(xe|xe_q) = N(xt|\/a_txt—1r Btl) Po(Xe_1lxr) = N(x¢—1|pg (gt: t), Xg(x¢,t))
q(x¢|x9) = N(x¢| /@ xo, (1 — @) I) where Zg(x;, t) = o7 1 = Bl

Po(Xp_1]|x¢) = N(xt:1|l~l9 (x¢,t), Bed) = q(xp_1]|x¢, %)
— N(xt—lliit(xt) t); ﬁtl)
e |e,
ar_1p _l_\/_(l — Q¢ 1)
1—a, O 1—a,
1
o It pg(xg,t) = A (xt + Beso(xy, t)), then

Po(xe, t) = fe(Xe, t) =

- \/C_TtxO

1—a,

sg(x¢,t) = Vy, l0g q(x¢|xo) = —
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Foundation of DDPM

argéninD(q(xt-llxt) I po(xe_q]x:))

= argmin Ex,pyq,, [D(qCee—1lxe, x0) Il Po (-1 ]x0))]

« Proof: By Fubini theorem,

- J q(z)logpg(z) dz = — j [ f q(z]|xo)pe(2) dZ] Paata(X0)dxg

= D(q(2) Il pg(2)) + const. w.r.t. 6
= Ex,~pyuea |D(q(z|x0) | pg(2))]| + const. w.r.t. 6
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Learning objective of DDPM

Va \/_(1_0% 1)

1—C¥t 1_at

MQ(xt) t) ~ ﬁt(xt) t) —

Deep Generative Models | mjgim@nims.re.kr | NIMS & AJOU University



Learning objective of DDPM

e Optimizing the variational bound on log-likelihood

q(x1.7|%x0)
log pg(xg) = longQ(xO:T)dxl:T = lngpé?(xO:T) S dxq.r
q(x1.7|x0)

pG(xO:T)
> (x1.7]%0) 10 dx;.
fq 171 %0 gCI(x1:T|xo) 1:T
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Learning objective of DDPM

e Optimizing the variational bound on log-likelihood

q(xq.7|x0)
lo (x)=loJ (xo.7)dx;. zlof (xo. dx;.
g8Po\ Xy g | Po\Xo:T 1:T g | Po O'T)Cl(x1:T|xo) 1:T
= fCI(xl:Tle) log Po(Xor) dxq.r
q(x1.7]%0)

The Markov property of q(x¢|x:—1) and pg(x;_1|x;) implies

T
po(Xo.7) = po(X7T) HP@ (Xe—q]xt),
t=2

T
q(x1.7|x0) = q(x7|x0) 1_[ q(xe—q]|xt, %0)
t=2
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Learning objective of DDPM

log po(Xo.7)
q(x1.7]x0) .
po(xt_1|x¢) po(xT)
— lo (x x)+210 + lo
& Po Ol 1 — gq(xt_1|xt, x()) gq(lexO)

fQ(xl:Tle) log pg(xol|x1) dx1.7 = fCI(x1|xo) log pg (xp]|x1) dxq

- Eq(x1 1x0) [log pg (xg|x1)]

po(xX7)
f q(x1.7|x0) log q(x7|x0)

= —D|q(x7]|xg) Il pg(x7)]

po(xT)
q(xr|xo)

dxq.p = fCI(lexO) log dxr
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Learning objective of DDPM

po(xe—1|x¢)
q(xe_1]x¢, x0)

_ _ffCI(x 2. |%) log po(xe—1|x¢)
oo q(x¢_1]x¢, X0)

- ffq(xt_l’xt' *o) 4(Xt, Xo) po(Xt_1|x¢)

f q(x1.7|x0) log

dxq.r

dx;_q dx;

lo dx,_,dx
q(xp) q(x¢, Xg) gq(xt_1|xt,x0) S

= — f q(x¢|xg) D[q(xe—q1lxs, x0) I Po(x¢—q]x¢)]dx,

— _ECI(xtle) [D [Q(xt_llxt, x()) I p@(xt—llxt)]]
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Learning objective of DDPM

Ex0~q(x0) [log Po (xo)]

= Eq(xo) [Eq(x1|x0) [logpe (x0|x1)]] - Eq(xo) [D [Q(lexO) | pH(xT)]]
T

- Eqxo) [Eq(xt|x0)[D [q(xe—1lxe, x0) 1l Po (xt—llxt)]]]

t=2
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Learning objective of DDPM

* po(Xe_qlxy) = N(xt—1|ﬂ9(xtr~t)u8tl)
q(Xe_q]|xe,x0) = N(xt g B tI)

. \/tl.Bt \/_(1 atl)
Pr(xe, t) = g, =, Xt
~ 1-—
B == e
¢ q(xtle) — N(xt|1/c_¥tx0, (1 — C_Xt) I), Xt = 1/C_th0 + .1 — (,YtE,
e~N(0,I)
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Learning objective of DDPM

Le—1(0) = Ex,~qxy) [D(Q(xt—ﬂxt» Xo) |l pG(xt—llxt))]
- Exo"’pdataExt"’CI(xt|xO) [D (q(xt_llxt’:/xo) ” Po (xt_llxt))]
= Ey, Exi~qCeelxo) e (Xe, t) — Pie(xy, O3

~Pdata
N 1,Bt
- Ex0~pdataExt~q(xt|xo) Ho (xt’ t) 1—a,
2
\/_(1 — Qp 1)
1 — at )
Bf

2
- C(t(l - at) Exo"’pdataEE"’N(O»I)”EQ (\/a—txo +41= ate’ t) o 6”2

. 1
o if ug(xet) = E(xt + \/%Ee(xt, t)>
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Training and noise predictor

(mean predictor) pug(xs,t)
1
e — xt +

b €q(xst)
6 )
Vat A/ 1-— (047 ‘
1
¢ |e, meg(xt, t) = V,, logq(x¢]|xo)

(noise predictor)

Algorithm 1 Training Algorithm 2 Sampling
I: repeat 1: xr ~ N(0,1)
2: %o ~ q(Xo) 2: fort=T,....1do
RN B{?(l(f)orlf)n({l’ > T}) 3.z~ NI ift>1,elsez =0
C o€~ , o
5: Take gradient descent step on 4 X1 = ﬁ Xt — \}ﬁeg(xt,t)) + 012
Vo ||e—eg(\/6¢txo—|—\/1—&te,t)||2 5: end for
6: until converged 6: return xg
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Architecture: U-net + self-attention + time Embedding

concat

Res d‘(-) lock

Res. block +
self-attention

concat

. . concat
image + noise
concat
Z; .
7 ) - o
+%
e

time embedding
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Experiments

« T = 1000, linear variance schedule ; = 10™* to 57 = 0.02
e U-Net backbone similar to an unmasked PixelCNN++ with group

normalizatio

_ _ q%’ - I s

- 4

—

: _-lj:! \’."]"' l‘!\

L £

Figure 3: LSUN Church samples. FID=7.89 Figure 4: LSUN Bedroom samples. FID=4.90

Denoising Diffusion Probabilistic Models
Jonathan Ho, Ajay Jain, Pieter Abbeel. NeurlPS 2020
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